Abstract. We study segregation of an impurity in a driven granular fluid under two types of steady states. In the first state, the granular gas is driven by a stochastic volume force field with a Fourier-type profile while in the second state, the granular gas is sheared in such a way that inelastic cooling is balanced by viscous heating. We compare theoretical results derived from a solution of the (inelastic) Boltzmann equation at Navier-Stokes (NS) order with those obtained from the Direct Monte Carlo simulation (DSMC) method and molecular dynamics (MD) simulations. Good agreement is found between theory and simulation, which provides strong evidence of the reliability of NS granular hydrodynamics for these steady states (including the dynamics of the impurity), even at high inelasticities. In addition, preliminary results for thermal diffusion in granular fluids at moderate densitis are also presented. As for dilute gases [1], excellent agreement is also found in this more general case.
INTRODUCTION
Granular gas dynamics is a subject of interest in a number of fundamental research fields and industry applications. For this reason, a large number of works have dealt with this kind of systems [2] . By granular gas we mean a set of mesoscopic particles at low density that lose a fraction of their kinetic energy after collisions with other particles. The number density is low enough so that collisions are always binary and instantaneous (compared to the characteristic time between collisions) and thus, the system obeys the Boltzmann (or Enskog) kinetic equation, with the appropriate modification that takes into account inelasticity in collisions. For this reason, this kind of system is usually called granular "gas". In this work we will consider two distinct sets of inelastic spheres (granular binary mixture), one of them being present in a much smaller concentration than the other one (tracer limit). This is equivalent to study the dynamics of a "granular impurity" (of mass m 0 and diameter σ 0 ) in a granular gas constituted by particles of mass m and diameter σ . The granular impurity would obey the Boltzmann-Lorentz kinetic equation (since collisions among impurity particles themselves can be neglected) while the granular gas would obey the (closed) Boltzmann kinetic equation (since the state of the gas is not affected by the presence of impurities) [3] .
We are here mainly interested in studying transport properties induced in the system by the presence of a temperature gradient. To achieve a steady state, two different types of energy inputs will be considered. In the first case (Case I), particles of the system are assumed to be heated by a stochastic driving force that exactly compensates for the inelastic cooling produced by collisions. This kind of external force attempts to model the interaction of the system (impurity plus granular gas) with a surrounding fluid that subjected to this configuration shows a Fourier temperature profile [1] . In the second case (Case II), the gas is sheared from the boundaries so that, viscous heating is balanced by the inelastic cooling. As said before, we will describe in Case I the thermal effects of the interstitial fluid on the granular particles by means of a stochastic volume force (in our case, a white noise) that will act more strongly in the hotter areas of the surrounding fluid and more weakly in its colder areas. For this reason, we will assume that the volume force has a Fourier-like profile. This type of forcing has been shown to exactly balance the effects of collisional cooling, inducing a steady state with uniform heat flux [4] . We will show that the steady state hydrodynamic profiles as well as the transport coefficients are correctly described by NS hydrodynamic theory if the appropriate Chapman-Enskog method is followed to solve the kinetic equation to first order in spatial gradients. In this case, we use a procedure where exact balance between inelastic cooling and thermostat heating is achieved locally in the zeroth-order balance equations [5] .
We present in this work additional results for the temperature ratio and thermal diffusion segregation not previously reported in Ref. [1] . In particular, we compare theoretical results derived from the Boltzmann (low-density limit) and Enskog (moderate densities) kinetic equations with those obtained from the Direct Simulation Monte Carlo (DSMC) method [6] . Good agreement is found for a dilute system and, interestingly, also in preliminary results for a granular fluid at moderate densities.
DESCRIPTION OF THE SYSTEM AND STEADY BASE STATES
Our system consists of a large number of identical hard disks/spheres (d = 2, d = 3, respectively). The particles collide loosing a fraction of their kinetic energy; i.e., collisions are inelastic. The degree of inelasticity is accounted for by the (constant) coefficient of normal restitution α ≤ 1. We assume also that the particles are distributed in space with low density at all times. As we said, depending on the value of the density, the granular gas may be described by the inelastic Boltzmann kinetic equation (which only strictly applies for vanishing density) and/or the Enskog kinetic equation (which applies for moderate densities) [7] . We mix this set of granular particles with another set composed also of identical granular particles but in general mechanically different to the particles of the first set and additionally, with a negligible concentration. For this reason, will refer to this second set as 'granular impurities'. Collisions between impurity and gas particles are also inelastic and are characterized by another (constant) coefficient of restitution, α 0 ≤ 1. Given that the relative concentration of impurities is much smaller than that of gas particles (and so, impurityimpurity collision events are not statistically relevant compared to gas-impurity collisions), one can assume that the one-particle velocity distribution function of impurities verifies the (linear) Boltzmann-Lorentz kinetic equation [3] . In addition, the collisions between impurity and gas particles can be also neglected in the kinetic equation of granular gas and hence, its one-particle velocity distribution function obeys the nonlinear (closed) Boltzmann equation. We assume that both sets of particles are enclosed between two infinite parallel walls that act as distinct temperature sources, thus heating the system and yielding a temperature gradient from the system boundaries. The walls are located at planes y = ±h/2 respectively. We denote the only relevant parallel direction to the walls as x. For explicit expressions of the kinetic equations that apply for our system please refer to a previous work where the same system is analyzed [1] . We consider also that energy input is strong enough so as to make negligible the effects of gravity on the granular particles.
By taking moments in the Boltzmann kinetic equation for the granular gas we obtain the relevant balance equations [1] . For our geometry, the energy balance equation takes the form
is an effective collision frequency of granular gas and C is a constant [8] . Also, q y is the y component of the the heat flux, n is the number density of gas particles, T is the granular temperature, ζ is the inelastic cooling rate, σ T is an energy source, P xy is the xy element of the stress tensor and U x is the flow velocity in the horizontal direction. For this work we will only consider steady states with uniform heat flux, and thus C = 0 [1] . As we already mentioned, two different choices for σ T will be considered in this work:
(a) Case I: U ± = 0 (no shear, and thus in Eq. (1) the viscous heating term P xy ∂ x U y vanishes). In this case, the inelastic cooling in the system is compensated by the heat injected by the external force. Here, we assume that the system is driven by means of a stochastic Langevin force representing a Gaussian white noise [9] . The term associated with the external force is written in the corresponding kinetic equation as a Fokker-Planck operator [10] of the form
The covariance of the stochastic acceleration ξ 2 is chosen to be the same for both species (impurity and gas particles) [11] . Thus, in Case I, the production of energy term is σ T = mξ 2 /T . The stochastic external forcing is frequently used in computer simulations [12, 13, 14, 15, 16, 17] and has been also proved experimentally [14, 18] .
(b) Case II: No external driving (σ T = 0) but U − = U + = 0, i.e., when both walls are in relative motion (sheared granular gas). In this case, inelastic cooling is compensated by viscous heating. Surprising as it may be, a local balance between inelastic cooling and viscous heating may be globally achieved [4] .
Both cases satisfy the following differential equations for the relevant hydrodynamic profiles [1, 8] : Respect to the state of the impurity, and as we said before, the thermal diffusion factor Λ characterizes the amount of segregation parallel to the thermal gradient. It is thus defined by
The thermal diffusion coefficient Λ depends on the mechanical properties of the granular gas and impurity and the temperature ratio χ = T 0 /T , where T 0 is the granular impurity temperature [1] . This dependence is expressed in the form: Λ ≡ Λ(Ξ, χ) with Ξ ≡ {α, α 0 , µ, ω}. Here, µ ≡ m 0 /m and ω ≡ σ 0 /σ are the mass and diameter of the impurity particles relative to those of the granular gas particles, respectively. As in our previous work, and since Λ is strongly dependent on the temperature ratio value, we make the following ansatz: for both Cases I and II and to get Λ, we use the tracer diffusion transport coefficients obtained from the Chapman-Enskog method at first order in the gradients (i.e., NS order) for the granular system heated by the stochastic force [11] . In addition, we insert different forms of χ for both cases. In Case I, χ I is obtained from the condition χ I mζ 0 = mζ , where ζ 0 is the cooling rate associated with the impurity temperature T 0 [11] . In case II, χ II is obtained from Grad's moment method (non-linear theory) for sheared granular gases with uniform heat flux [19] .
RESULTS AND DISCUSSION
In this Section, we will compare theoretical results with those obtained from the Monte Carlo (DSMC) method and molecular dynamics (MD) for cases I and II. First, we consider the dependence of the temperature ratio χ ≡ T 0 /T on collisional dissipation. The quantity χ measures the breakdown of energy equipartition in a granular mixture. In Figure  1 we consider a sheared gas (Case II) with different values of the mass µ and diameter ω ratios and coefficients of restitution. For the sake of completeness, we have plotted the theoretical results obtained for Cases I (χ I ) and II (χ II ).
As we can see, only for χ II we obtain a good agreement with simulations. Furthermore, this agreement is excellent in most cases, as it can be noticed. On the other hand, the comparison with χ I is never as good, which justifies our ansatz. In panel (a) the temperature ratio χ is plotted vs. relative mass µ ≡ m 0 /m for equal coefficients of restitution. The agreement is always very good, although it is a little better for lighter impurities (µ < 1) and the theory line tends to separate for heavy impurities (µ ≥ 4). The same can be deduced from results in panel (b), where we have represented a case of varying α 0 for constant α, in order to check the agreement for cases with α = α 0 . The results show also an excellent agreement for the whole range of values of α 0 plotted here (that include strong inelasticity values, like α = 0.5). Two cases are represented here µ = 4, ω = 2 (in blue) and µ = 1/4, ω = 1/2 (in red). As in panel (a), the results tend to be slightly better for lighter impurities (in red). In any case the agreement is overall very good again. Next, we consider the thermal diffusion factor Λ. First, we want to check whether this quantity is uniform in the bulk domain of the system. If this is the case, our segregation criterion will be a global feature of the bulk region and so, it is not restricted to specific regions of the system. In general, our simulations show that actually Λ is constant. Log n 0 n FIGURE 2. Check of thermal diffusion factor, from DSMC simulations (ln n 0 /n vs. ln T . In this case, we represent results for spheres with α = α 0 = 0.9 and ω = 1, for µ = 2 (solid symbols) and µ = 1/2 (open symbols). In both cases we obtain the numerical value of the thermal diffusion factor Λ from a linear fit, as predicted by hydrodynamic theory. It can be noticed that this linear fit is excellent, which implies that Λ is in effect constant throughout the system. Λ<0 Λ>0 FIGURE 3. Plot of the marginal segregation curve (Λ = 0) for a granular impurity in a heated granular gas (Case I) with finite density (volume fraction φ = 0.1) for α = α 0 = 0.8. Lines stand for theory results and symbols for DSMC data. The blue lines stand for first Sonine approach (dotted line for standard Sonine approximation and dashed line for modified Sonine, both to first order). The red line stands for second Sonine approach. As we can see, second order terms in the Sonine polynomial expansion are needed in order to get a good agreement with simulations that, as we can see, at this level of approximation is excellent.
As an illustration, the profile of ln n 0 /n vs. ln T is plotted in Figure 2 for a sheared mixture (Case II). According to the theory (see Eq. 4), the profile ln T should be linear when represented vs. ln n 0 /n. It is apparent that this prediction is fulfilled with a high degree of accuracy, even in the regions near the boundaries (i.e., boundary layer effects are not significant regarding with granular impurity segregation). Two cases have been represented here, both for ω = 1, α = α 0 = 0.9: µ = 2 (solid symbols) and µ = 1/2 (open symbols). Results also confirm the general trend observed in a previous work [1] , where we observed that except for smaller impurities (ω ≤ 2/3) the granular heavier impurities tend to segregate towards the colder wall, which would correspond to a negative slope in a ln T vs ln n 0 /n for the µ = 2 series and a positive slope for the µ = 1/2 series, as obtained in Figure 2 . Now we consider segregation in a moderately dense granular gas driven by the stochastic thermostat (Case I). In a previous work [1] , we have shown that the agreement between theory and simulation for the thermal diffusion factor Λ is excellent for both types of flows (case I and II) in the low-density regime. Figure 3 shows the marginal segregation curve (Λ = 0) for a granular gas outside the dilute limit (more concretely, we present a gas where the particles occupy 10% of the system volume; i.e. the volume fraction is φ = 0.1). The theoretical results for this figure have been extracted from the expression of Λ derived in reference [11] . We represent two different levels of approach in the Sonine polynomial expansion used in the Chapman-Enskog method. As we can see, the agreement with simulations at the level of the second order Sonine approximation is excellent. To our knowledge, this is the first evidence of NS theory accuracy for a granular segregation problem outside the dilute limit and for moderate inelasticity (α = 0.8 in this case)
Apart from the fact that both types of steady states have uniform heat flux, one might be surprised that the NS segregation criteria show such an excellent performance, specially for high inelasticities, for which in general is expected that hydrodynamics at NS order would fail. This failure of NS hydrodynamics for steady granular flows has been discussed in a number of works in the field [2] . Our guess is that since for both cases the impurity segregation is originated by a temperature gradient, and both cases I and II have identical temperature profiles, one could expect a good agreement if the response of the system to this identical temperature gradient is also similar. One could measure the response of the system to the temperature gradient by analyzing the behavior of the thermal conductivity coefficient λ . At the level of NS hydrodynamics and for the geometry in our system, the thermal conductivity is defined by the relation q y = −λ ∂ T /∂ y. In Figure 4 we plot the reduced thermal conductivity λ * = λ /λ 0 where λ 0 is the thermal conductivity for the elastic gas [20] . More concretely we compare the results for: 1) Grad's theory for case II flows, 2) NS theory for case I flows, 3) simulations (both molecular dynamics and DSMC) for case II flows. It is interesting to note that the theoretical curves corresponding to Grad's theory for sheared states from case II and NS theory for nonsheared states from case I present similar qualitative behavior with respect to inelasticity since both are monotonically decreasing for increasing inelasticity (decreasing α). This seems to indicate that, as we hypothesized, the response of the granular gas to the temperature gradient is qualitatively similar for both types of states. This could cast some light in the search an explanation on the similarity of the impurity segregation behavior that we have found in the present and a previous work [1] . This similarity is specially surprising since we have detected no similarity in the values of the respective collision frequencies associated to heat flux for both theories [4, 5] . In spite of this remaining lack of explanation, the additional results presented in this work confirm that NS hydrodynamics correctly describes important transport properties of steady granular flows with uniform heat flux. This agreement is fulfilled almost independently of the degree of inelasticity, contrary to what has been argued in a large number of previous works on granular dynamics [2] . We plan to extend the study on impurity segregation in granular gases at moderate densities in a forthcoming work (extending the results of Figure 3) . We also expect to analyze to what extent NS hydrodynamics can also be applied for highly inelastic granular gases for other systems.
